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Numerical solutionAbstract A detailed investigation of two-dimensional mixed convection flow of non-Newtonian
fluid due to convectively heated stretching sheet in the presence of dust particles is conducted.
The influence of viscous dissipation, nonlinear thermal radiation and non-uniform heat source/sink
is considered in the heat transport equation. To simulate the nonlinear thermal radiation effect, the
Rosseland approximation has been used. The governing equations are transformed into a set of self-
similar nonlinear ordinary differential equations by means of suitable similarity transformations,
which are then solved numerically by using Shooting method. The influence of pertinent parameters
on the velocity and temperature distributions of both fluid and particle phases inside the boundary
layer is observed and discussed in detail. Further, the features of skin friction coefficient and Nusselt
number for different values of the governing parameters are also analysed and discussed. Moreover,
the numerical results of present study and those existing ones are tabulated for some limiting case.
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Nomenclature
A space dependent heat source/sink parameters
B temperature dependent heat source/sink parameter
Bi Biot number
b positive constant
Cp specific heat coefficient of fluid phase ðJ=kg KÞ
Cm specific heat coefficient of dust phase ðJ=kg KÞ
Cf skin friction coefficient
Ec Eckert number
f dimensionless fluid phase velocity component
F dimensionless dust phase velocity component
Gr Grashof number
g acceleration due to gravity
hf heat transfer coefficient
K Maxwell parameter
k thermal conductivity of the fluid
k1 mean absorption coefficient ðm1Þ
l dust particle mass concentration parameter
m mass of dust particles
N number density of dust particles
Nu local Nusselt number
Pr Prandtl number
q000 space and temperature dependent heat source/sink
qw heat flux at the surface
qr radiative heat flux ðW m2Þ
R thermal radiation parameter
r radius of dust particles
Rex local Reynolds number
S stokes drag coefficient
T temperature
Tf temperature at the wall
Uw stretching sheet velocity
u; v fluid phase velocity components along x and y
directions ðm s1Þ
x coordinate along the surface ðmÞ
y coordinate normal to the surface ðmÞ
Greek symbols
b volumetric coefficient of thermal expansion
bv fluid-particle interaction parameter for velocity
bt fluid-particle interaction parameter for tempera-
ture
l dynamic viscosity ðKg m1 s1Þ
r electrical conductivity of the fluid
r Stefan–Boltzmann constant ðW m2 K4Þ
h dimensionless temperature
g similarity variable
sT thermal equilibrium time
sw surface shear stress
sv relaxation time of the dust particles
c specific heat ratio
q density of the base fluid (kg=m3)
k mixed convection parameter
k relaxation time of Maxwell fluid
Superscript
0 derivative with respect to g
Subscripts
p dust phase
1 fluid properties at ambient condition
2 B.J. Gireesha et al.1. Introduction
The boundary layer flow of non-Newtonian fluid due to
stretching surface finds vast applications in the field of biolog-
ical systems, industrial manufacturing, metallurgy and chemi-
cal engineering. Its relevance can also be found in hot
rolling, polymeric sheet manufacturing, wire drawing, drawing
of plastic films, polymer extrusion processes, wire and fibre
coating, etc. The flow and heat transfer characteristics of
non-Newtonian fluids are quite different as compared to New-
tonian fluids. There are many constitutive equations to
describe all the properties of non-Newtonian fluids and are
quite complex. Several models have been suggested; among
those the Maxwell fluid model has gained popularity. The
Maxwell fluid is a subclass of rate type fluid and it can predict
the stress relaxation. Particularly, the Maxwell fluid model has
been used for the viscoelastic fluid where the non-dimensional
relaxation time is diminutive. Nevertheless, the Maxwell model
is useful for a large relaxation time in concentrated polymeric
fluids [1].
In view of this, Hayat et al. [2] reported an analytic solution
for the unsteady MHD flow of rotating Maxwell fluid through
a porous medium. Further the same authors solved the prob-
lem of MHD flow of UCM fluid over a porous stretching platePlease cite this article in press as: Gireesha BJ et al., Mixed convection two-phase fl
uniform heat source/sink and fluid-particle suspension, Ain Shams Eng J (2016), htand obtained the analytical solution by employing homotopy
analysis method [3]. Noor [4] employed the spectral relaxation
method for the numerical solution of the hydrodynamic flow
of Maxwell fluid past a vertical stretching sheet with ther-
mophoresis effect. Shatey [5] investigated the boundary layer
flow of a Maxwell fluid past a vertical stretching sheet under
the influence of thermophoresis and chemical reaction. Abel
et al. [6] have discussed the MHD flow and heat transfer of
a UCM fluid over a stretching surface in the presence of ther-
mal radiation. Recently, Sadeghy et al. [7] have studied the
stagnation-point flow of viscoelastic fluids using upper-
convected Maxwell (UCM) model. Hayat and Sajid [8] have
extended the work of Sadeghy et al. [7] to analyse the impact
of MHD on the flow fields. Some recent works describing
the flow of Maxwell fluid with different physical aspects have
been undertaken by Tan et al. [9], Fetecau and Fetecau [10],
Motsa et al. [11] and Swati et al. [12].
The effect of heat source/sink has a vital role in thermal
performance of working fluids. Its relevance is seen in the man-
ufacture of plastic and rubber sheets, heat removal from
nuclear fuel debris, food stuffs storage, disposal of radioactive
waste material, dislocating of fluids in packed bed reactors and
several others. Many authors (Swati [13], Chamkha [14]) have
deliberated heat transfer by considering a uniform heatow of Maxwell fluid under the influence of non-linear thermal radiation, non-
tp://dx.doi.org/10.1016/j.asej.2016.04.020
Mixed convection two-phase flow of Maxwell fluid 3source/sink, i.e., a temperature-dependent heat source/sink in
their studies. But, Abel et al. [15], Hsiao [16] and Gireesha
et al. [17] have incorporated the effect of non-uniform heat
source/sink, i.e., both temperature and space dependent heat
source/sink in heat transfer analysis. On the other hand, the
radiative heat transfer has encountered a variety of applica-
tions such as nuclear power plants, gas turbines, and propul-
sion devices for space vehicles, missiles and aircraft. Keeping
this in view, many authors considered the influence of thermal
radiation with different physical situations [18–22]. They
employed the Rosseland approximation to simulate thermal
radiation effect and they linearized the gradient of radiative
heat flux by assuming small temperature difference within
the flow. Further, they found that an increase in radiation
parameter leads to increase the fluid temperature as well as
thermal boundary layer thickness. But in recent years, the
study of nonlinear thermal radiation has received much atten-
tion. Pantokratoras and Fang [23] have reported on Sakiadis
flow with nonlinear Rosseland thermal radiation. Later on,
Cortell [24] has reported on the fluid flow and radiative nonlin-
ear heat transfer over a stretching sheet. Recently, Mushtaq
et al. [25] discussed the nonlinear radiative heat transfer in
the flow of nanofluid due to solar energy. In this investigation,
the effects of non-uniform heat source/sink and non-linear
thermal radiation are present.
In fluidized beds, environmental pollutant motions, gas
purification, dust collection, transport processes, paint spray-
ing, powder technology, purification of crude oil, conveying
of powdered materials, etc., the possibility of presence of solid
particles in working fluids may not be ignored. This led to the
consideration of two phase fluid-particle systems. Therefore,
Hamdan and Barron [26] studied the flow of dusty gas in por-
ous media. They also made the comparison of results dusty
fluid and clean fluid flow in porous media. Chamkha [27,28]
presented an analysis based on the continuum approach for
steady laminar boundary layer flow and heat transfer of
fluid-particle suspension with different aspects. He found that,
the velocity of both phases decreases with an increase in parti-
cle loading. The free convection flow of an incompressible, vis-
cous, electrically conducting dusty fluid through a porous
medium bounded by an infinite vertical plane surface was
investigated by Ezzat et al. [29]. Unsteady flow and heat trans-
fer of a dusty fluid between two parallel plates with variable
fluid properties were discussed by Makinde and Chinyoka [30].
Later on, Vajravelu and Nayfeh [31] have investigated on
the hydromagnetic flow of dusty fluid over a stretching sheet.
Asmolov and Manuilovich [32] addressed the stability of lam-
inar boundary layer flow of dusty gas on a flat plate. The heat
transfer effects on dusty gas flow past a semi-infinite inclined
plate have been studied by Palani and Ganesan [33]. Using reg-
ular perturbation method, Sivaraj and Rushi [34] have dis-
cussed the two-phase unsteady MHD Couette flow of dusty
viscoelastic fluid in an irregular channel with varying mass dif-
fusion. Datta and Mishra [35] discussed the boundary layer
flow of an electrically conducting dusty viscous fluid over a
semi-infinite flat plate. The two-phase flow of a fluid suspended
with nanoparticles with different aspects has been numerically
investigated by Sheikholeslami et al. [36–39]. Extension to this
topic, Gireesha et al. [40–42] added a new dimension to the
study of two-phase flow of fluid-particle suspension over a
stretching surface with different physical conditions for a New-
tonian fluid.Please cite this article in press as: Gireesha BJ et al., Mixed convection two-phase fl
uniform heat source/sink and fluid-particle suspension, Ain Shams Eng J (2016), httDifferent from the above studies, the present paper consid-
ers the mixed convection flow of non-Newtonian Maxwell fluid
embedded with dust particles. The novelty of the current inves-
tigation is two-phase flow and thermal analysis of particulate
Maxwell fluid over a vertical stretching sheet in the presence
of non-linear thermal radiation, non-uniform heat source/sink,
viscous dissipation and convective boundary condition. The
standard Runge–Kutta–Fehlberg fourth–fifth order method
along with shooting technique is employed to solve this com-
plicated non-linear problem. Further, the present numerical
results are compared with the literature.
2. Mathematical formulation
Consider a two-dimensional boundary layer flow of Maxwell
fluid with suspended dust particles over a vertical stretching
surface. The term T1 is denoted as ambient fluid temperature
and the surface temperature is maintained by convective heat
transfer. The x-axis is directed to the vertical surface and the
y-axis is perpendicular to the surface. The sheet is then
stretched with a velocity Uw ¼ bx, where b > 0 is stretching
rate. The flow is generated due to stretching of the sheet caused
by simultaneous application of two equal and opposite forces
along the x-axis, keeping the origin fixed and considering the
flow to be confined to the region y > 0. The sketch of the phys-
ical model is as shown in Fig. 1.
The fluid is assumed to be an electrically conducting and
embedded with spherical shaped fine dust particles. The dust
particles are suspended by using surfactant or surface charge
technology. The suspended dust particles are assumed to be
one in size and number density of dust particles is constant.
The interaction and radiative heat transfer from one particle
to another, volume fraction of dust particles, coagulation,
phase change, and deposition are all neglected. The fluid and
dust particle motions are coupled only in the course of drag
and heat transfer between them. The Stokes linear drag theory
has been employed to model the drag force.
Under foregoing assumptions, the basic two dimensional
boundary layer equations of continuity, momentum and heat
transport for both fluid and particle phase with usual notations
can be written as (see [28]) as follows:
Fluid phase:
@u
@x
þ @v
@y
¼ 0; ð2:1Þ
q u
@u
@x
þ v @u
@y
 
¼ qk u2 @
2u
@x2
þ v2 @
2u
@y2
þ 2uv @
2u
@x@y
 
þ l @
2u
@y2
þ SNðup  uÞ þ gbðT T1Þ; ð2:2Þ
qCp u
@T
@x
þ v @T
@y
 
¼ k @
2T
@y2
þ qpCm
sT
ðTp  TÞ þ
qp
sv
ðup  uÞ2
þ l @u
@y
 2
 @qr
@y
þ q000; ð2:3Þ
Particle Phase:
@up
@x
þ @vp
@y
¼ 0; ð2:4Þow of Maxwell fluid under the influence of non-linear thermal radiation, non-
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Figure 1 The sketch of the physical model.
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@up
@x
þ vp @up
@y
 
¼ SNðu upÞ; ð2:5Þ
qpCm up
@Tp
@x
þ vp @Tp
@y
 
¼ qpCm
sT
ðT TpÞ; ð2:6Þ
where x and y denote the Cartesian co-ordinates, ðu; vÞ and
ðup; vpÞ are velocity components along x and y directions of
fluid and dust particle phase respectively, q and qp are the
density of the fluid and dust particles respectively, l – dynamic
viscosity of the fluid, k – thermal conductivity of the fluid,
sv ¼ m=S – relaxation time of the dust particles for velocity,
m – mass of dust particles per unit volume, S ¼ 6plr – Stokes
drag coefficient, r – radius of dust particles, N – number den-
sity of dust particles, g – acceleration due to gravity, k – relax-
ation time for Maxwell fluid, b – volumetric coefficient of
thermal expansion, T and Tp are the fluid and dust phase tem-
perature respectively, Cp and Cm are the specific heat of fluid
and dust particles respectively, sT – relaxation time of the dust
particles temperature, qr – radiative heat flux and q
000 – space
and temperature dependent heat source/sink and it can be
expressed as follows (see [15,16]):
q000 ¼ kUw
xm
½AðTw  T1Þf0ðgÞ þ BðT T1Þ ð2:7Þ
here A and B are the parameters of space and temperature
dependent heat source/sink respectively. It is worth to mention
that, A >;B > 0 correspond to internal heat generation, and
A < 0;B < 0 correspond to internal heat absorption.
The radiative heat flux expression in Eq. (2.3) is given by
using the Rosseland approximation as
qr ¼ 
4r
3k1
@T4
@y
¼ 16r

3k1
T3
@T
@y
; ð2:8Þ
where r – Stefan–Boltzmann constant and k1 – mean absorp-
tion coefficient. The equation (2.8) results highly non-linearity
in T. However, the focus of the present investigation is to
consider the non-linear thermal radiation. Thus, by following
Pantokratoras and Fang [23] the energy Eq. (2.3) will take
the following form:Please cite this article in press as: Gireesha BJ et al., Mixed convection two-phase fl
uniform heat source/sink and fluid-particle suspension, Ain Shams Eng J (2016), htu
@T
@x
þ v @T
@y
¼ @
@y
aþ 16r
T3
3qCpk1
 
@T
@y
 
þ qpCm
sTqCp
ðTp  TÞ
þ qp
svqCp
ðup  uÞ2 þ lqCp
@u
@y
 2
þ 1
qCp
q000: ð2:9Þ
The physics of the problem suggests the following bound-
ary conditions:
u¼Uw; v¼ 0; k @T@y ¼ hfðTf TÞ at y¼ 0
u! 0; up ! 0; vp ! v; T! T1; Tp ! T1 as y!1
)
ð2:10Þ
here hf is the heat transfer coefficient.
The Eqs. (2.1)–(2.6) can be reduced into the dimensionless
form by introducing the following new similarity variables:
u ¼ bxf 0ðgÞ; v ¼ 
ﬃﬃﬃﬃﬃ
vb
p
fðgÞ; g ¼ y
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Uwx
m
r
;
up ¼ bxF0ðgÞ; vp ¼ 
ﬃﬃﬃﬃﬃ
vb
p
FðgÞ
T ¼ T1ð1þ ðhm  1ÞhÞ; Tp ¼ T1ð1þ ðhm  1ÞhpÞ;
ð2:11Þ
where prime denotes the differentiation with respect to g and
hm ¼ Tf=T1 – temperature ratio parameter.
In view of Eq. (2.11), the continuity Eqs. (2.1) and (2.4) are
satisfied identically. From Eqs. (2.2), (2.5), (2.6) and (2.9), one
can obtain the following nonlinear ordinary differential
equations:
f 000 þ f00f f 02 þ lbvðF 0  f0Þ þ Kð2ff 0f 00  f2f000Þ þ kh ¼ 0;
ð2:12Þ
F00F F02 þ bvðf 0  F 0Þ ¼ 0; ð2:13Þ
½f1þ Rð1þ ðhm  1ÞhÞ3gh00 þ Pr
h0fþ lcbtðhp  hÞþ
EclbvðF0  f0Þ2 þ Ecf002
( )
þ Af 0 þ Bh ¼ 0;
ð2:14Þ
h0pF btðhp  hÞ ¼ 0: ð2:15Þ
Corresponding boundary conditions take the following
form:
f 0 ¼ 1; f ¼ 0; h0 ¼ Bið1 hÞ at g ¼ 0
f 0 ! 0; F0 ! 0; F! f; h ! 0; hp ! 0 as g !1
)
ð2:16Þ
where l – dust particles mass concentration parameter,
bv – fluid-particle interaction parameter for velocity,
K – Maxwell parameter, Pr – Prandtl number, c – specific heat
ratio parameter, Ec – Eckert number, bt – fluid particle inter-
action parameter for temperature, R – thermal radiation
parameter, Rex – is local Reynolds number, Gr – Grashof
number, k – mixed convection parameter and Bi – Biot number
and they are defined as
l ¼ mN
q
; sv ¼ m
K
; bv ¼
1
bsv
; K ¼ kb;
Pr ¼ lCp
k
; Ec ¼ U
2
w
Cp Tf  T1
  ; bt ¼ 1bsT ; c ¼
Cm
Cpow of Maxwell fluid under the influence of non-linear thermal radiation, non-
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T31
k1k
; Rex ¼ Uwxm ; Gr ¼
gb Tf  T1
 
x2
m2
;
k ¼ Gr
Re2x
; Bi ¼ hf
k
ﬃﬃﬃ
m
b
r
:
An exact solution to Eq. (2.12) when K ¼ l ¼ 0 is given by
fðgÞ ¼ ð1 egÞ:
The dimensionless shear stress and rate of heat transfer at
the wall are characterized by skin friction co-efficient and
Nusselt number. They are defined as
Cf ¼ sw
qU2w
; Nu ¼ qw
kðTf  T1Þ ; ð2:17Þ
where sw is the surface shear stress and qw is the surface heat
flux and are given by
sw ¼ l @u
@y
 
y¼0
; qw ¼ k
@T
@y
 
y¼0
: ð2:18Þ
In view of similarity variables and using the Eq. (2.18) in
(2.17), we obtainﬃﬃﬃﬃﬃﬃﬃﬃ
Rex
p
Cf ¼ f00ð0Þ;
Re
1
2
x Nu ¼ h0ð0Þ:
ð2:19Þ3. Numerical method and validation
The self-similar ordinary differential Eqs. (2.12)–(2.15) are
highly non-linear in nature. Hence, they are solved numerically
by using Runge–Kutta–Fehlberg fourth–fifth order method
along with shooting approach. The Shooting technique
attempts to make out suitable initial conditions for a relevant
initial value problem that provides the solution to the original
boundary value problem. This method is implemented in alge-
braic tool Maple called an algorithm ‘shoot’. This algorithm is
proven to be precise and accurate and it has been successfully
used to solve a wide range of non-linear problems. A brief
explanation about the Shooting method on Maple functioning
was found in Meade et al. [43]. In the numerical computation,
in order to maintain accuracy, the step size Dg in g and the
location of the edge of the boundary layer g1 has adjusted
for various values of parameters. In this study, a uniform grid
of Dg ¼ 0:001 was found to be satisfactory for the convergence
criteria of 106. On the other hand, the asymptotic boundary
conditions at g1 are replaced by g6, in such a way that the
infinity boundary conditions are asymptotically achieved.Table 1 Comparison of the values of f00ð0Þ for various values
of Maxwell parameter K when k ¼ l ¼ 0.
K f00ð0Þ
Abel et al. [6] Sadeghy et al. [7] Present results
0.0 0.999962 1.0000 1.000000
0.2 –1.051948 1.0549 1.051946
0.4 1.101850 1.10084 1.101853
0.6 1.150163 1.15016 1.150162
0.8 1.196692 1.19872 1.196691
1.2 1.285257 – 1.285257
1.6 1.368641 – 1.368641
2.0 1.447617 – 1.447617
Please cite this article in press as: Gireesha BJ et al., Mixed convection two-phase fl
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ison with previously reported data by Abel et al. [6] and Sade-
ghy et al. [7] is made for several values of K when l ¼ k ¼ 0.
The comparison results are presented in Table 1. It is clearly
observed that, an excellent agreement is found. This favour-
able comparison lends confidence in the numerical results to
be reported in the next section.
4. Results and discussion
The numerical investigation of mixed convection boundary
layer flow and heat transfer over a vertical stretching sheet in
the presence of non-uniform heat source/sink, nonlinear ther-
mal radiation, viscous dissipation and convective boundary
condition is carried out. A parametric study is conducted in
order to reveal some relevant physical aspects of the obtained
results. The outcome of the parametric study is presented in
the Figs. 2–14. It is worth to mention that, if K ¼ 0, then the
ordinary dusty fluid problem can be recovered and also an
ordinary Maxwell-fluid problem can be recovered for l ¼ 0.
Figs. 2a and 2b are plotted to analyse the velocity and tem-
perature components of both fluid and particle phases for the
variation of l. The velocity and temperature profiles are found
to be decreased in the boundary layer with an increase in l.
This is due to the fact that, with an increase in the mass con-
centration of dust particles the fluid has a tendency to increase
the drag force between the phases. Consequently, fluid motion
gets slowed down, resulting in a reduction of particle phase
velocity, as the particle phase is being dragged along with
the fluid. On the other hand, by increasing the mass concentra-
tion of dust particles, more fluid-phase energy is transformed
to a greater number of particles, but the individual particles
will receive less energy from the fluid phase. Thus, one can
conclude that, the flow characteristics can be controlled signif-
icantly by varying l. This behaviour is clearly seen in Fig. 2.
This outcome qualitatively agrees with the results reported
by Chamkha [27]. Further, it is observed that the momentum
and thermal boundary layer are thinner for ordinary Maxwell
fluid than that of dusty Maxwell fluid.
Figs. 3a and 3b are drawn to see the impact of fluid-particle
interaction parameters bv and bt on velocity and temperature
profiles correspondingly. The velocity and temperature profiles
of dust phase increase for larger values of bv and bt respec-
tively. But, this behaviour is qualitatively opposite for fluid
phase distributions. Figs. 4a and 4b depict that, the velocity
and temperature of both phases are augmented due to an
increase in the Biot number. Physically, the heat transfer
coefficient is increased with the Biot number; consequently,
the temperature and its corresponding boundary layer thick-
ness increase. For smaller values of heat transfer coefficient
implying a low heat transfer rate, when it gradually increases,
the fluid becomes hotter and has a high rate of heat transfer.
Figs. 5a and 5b display the distributions of velocity and
temperature of both phases for several values of the Maxwell
parameter. It is noticed that, both fluid and dust phase velocity
profile decreased for larger values of elasticity parameter in the
boundary layer. The reduction in the velocity component
results in a decrease in the amount of heat transfer from the
stretching surface to the fluid and vice versa. Consequently,
the fluid temperature increases in the boundary layer with elas-
ticity parameter. It is also noticed that, the thermal boundaryow of Maxwell fluid under the influence of non-linear thermal radiation, non-
p://dx.doi.org/10.1016/j.asej.2016.04.020
Figure 2a The influence of l on velocity profile.
Figure 2b The influence of l on temperature profile.
Figure 3a The influence of bv on velocity profile.
Figure 3b The influence of bt on temperature profile.
Figure 4a The influence of Bi on velocity profile.
Figure 4b The influence of Bi on temperature profile.
6 B.J. Gireesha et al.layer thickness for non-Newtonian Maxwell fluid is larger
when compared to that of Newtonian fluid.
Figs. 6 and 7 are illustrated to observe the effect of linear
and non-linear thermal radiation on the velocity and tempera-
ture distributions of both phases. Here the graphs 6(a) and (b),
represent the velocity and temperature profiles under linear
thermal radiation effect. An increase in the radiation parame-
ter shows the significant enhancement in both velocity andPlease cite this article in press as: Gireesha BJ et al., Mixed convection two-phase fl
uniform heat source/sink and fluid-particle suspension, Ain Shams Eng J (2016), httemperature profiles. This outcome is true for both linear
and non-linearized radiation cases. Physically speaking, by
strengthening radiation parameter provides more heat into
the fluid, as a result the thickness of the thermal boundary
layer is intensified. Thus, the radiation effect plays a key role
in boosting the rate of heat transfer. It is also observed that,
the velocity and temperature of the fluid are much moreow of Maxwell fluid under the influence of non-linear thermal radiation, non-
tp://dx.doi.org/10.1016/j.asej.2016.04.020
Figure 5a The influence of K on velocity profile.
Figure 5b The influence of K on temperature profile.
Figure 6a The influence of R on velocity profile (linearized
thermal radiation).
Figure 6b The influence of R on temperature profile (linearized
thermal radiation).
Figure 7a The influence of R on velocity profile (non-linearized
thermal radiation).
Figure 7b The influence of R on temperature profile (non-
linearized thermal radiation).
Mixed convection two-phase flow of Maxwell fluid 7pronounced in non-linearized thermal radiation case in
comparison with linearized one. Further, it is noted that, the
momentum and thermal boundary layer thickness are lower
in the absence of radiation effect than in the presence. This
behaviour qualitatively agreed with earlier results of Mushtaq
et al. [25].Please cite this article in press as: Gireesha BJ et al., Mixed convection two-phase fl
uniform heat source/sink and fluid-particle suspension, Ain Shams Eng J (2016), httFigs. 8a and 8b are the graphical representation of velocity
and temperature distributions, for various values of the
Prandtl number. The Prandtl number is a ratio of momentumow of Maxwell fluid under the influence of non-linear thermal radiation, non-
p://dx.doi.org/10.1016/j.asej.2016.04.020
Figure 8a The influence of Pr on velocity profile.
Figure 8b The influence of Pr on temperature profile.
Figure 9a The influence of Ec on velocity profile.
Figure 9b The influence of Ec on temperature profile.
Figure 10a The influence of A on velocity profile.
8 B.J. Gireesha et al.diffusivity to thermal diffusivity. As Prandtl number increases,
the strength of thermal diffusion drops, as a result the fluid and
particle phase temperature decreased rapidly. In other words,
the fluid has low thermal conductivity; hence, the thermal
boundary layer thickness reduces for both phases as can be
shown in Fig. 8b. Also, this trend is qualitatively same for
velocity profiles for the influence of Prandtl number. From
Fig. 9 it is observed that, by increasing Eckert number, the
velocity and temperature of both phases increase in the bound-
ary layer. Physically, an increase in Eckert number means the
heat energy is stored in the fluid due to the frictional or drag
forces. As a result the fluid temperature field increases.
Figs. 10 and 11 depict the influence of space and tempera-
ture dependent heat source/sink parameter (A and B) on the
velocity and temperature distributions respectively. From these
figures we examine that the temperature profile is lower
throughout the boundary layer for negative values of A and
B (heat sink) and higher for positive values of A and B (heat
source). Physically, the thermal boundary layer generates
energy which causes the temperature profiles of both fluid
and dust phases to enhance with increasing values of A > 0
and B > 0. But, when we increase the values of A < 0 and
B < 0 the boundary layer absorbs the energy and as a result
fluid temperature diminishes considerably. Further, it is possi-
ble to see that the thermal boundary layer thickness for heat
source is thicker than the heat sink. The behaviour of fluidPlease cite this article in press as: Gireesha BJ et al., Mixed convection two-phase fl
uniform heat source/sink and fluid-particle suspension, Ain Shams Eng J (2016), htand dust phase velocity is qualitatively same as the tempera-
ture distributions.
The influence of the mixed convection parameter on veloc-
ity and temperature of both phases is shown in Fig. 12. The
mixed convection parameter represents the coupling of the
thermal field to the velocity field or the capability of the fluid
thermal expansion. As mixed convection parameter strength-ow of Maxwell fluid under the influence of non-linear thermal radiation, non-
tp://dx.doi.org/10.1016/j.asej.2016.04.020
Figure 10b The influence of A on temperature profile.
Figure 11a The influence of B on velocity profile.
Figure 11b The influence of B on temperature profile.
Figure 12a The influence of k on velocity profile.
Figure 12b The influence of k on temperature profile.
Figure 13a The skin-friction co-efficient and Nusselt number
versus Maxwell parameter for different values of A with Ec ¼ k ¼
Bi ¼ l ¼ R ¼ 0:5;Pr ¼ 3; hm ¼ 1:6;K ¼ 0:15;bt ¼ 0:6; bv ¼ 0:6.
Mixed convection two-phase flow of Maxwell fluid 9ens, the influence of temperature variation on velocity field is
also augmented. It is observed from Fig. 12a that, the velocity
of both the phases and its corresponding boundary layer thick-
ness decreases by increasing mixed convection parameter. The
response of temperature profile is quite opposite to the velocity
field with k as shown in Fig. 12b. Further, the momentum
boundary layer thickness is lower and the thermal boundary
layer thickness is higher in the case of flow over the horizontalPlease cite this article in press as: Gireesha BJ et al., Mixed convection two-phase fl
uniform heat source/sink and fluid-particle suspension, Ain Shams Eng J (2016), httstretching surface (k ¼ 0) in comparison with vertical one
(k – 0).
Figs. 13a and 13b display the results of skin-friction coeffi-
cient and the Nusselt number versus Maxwell fluid parameterow of Maxwell fluid under the influence of non-linear thermal radiation, non-
p://dx.doi.org/10.1016/j.asej.2016.04.020
Figure 13b The skin-friction co-efficient and Nusselt number
versus Maxwell parameter for different values of B with Ec ¼ k ¼
Bi ¼ l ¼ R ¼ 0:5;Pr ¼ 3; hm ¼ 1:6;K ¼ 0:15; bt ¼ 0:6; bv ¼ 0:6.
Figure 14a The skin-friction co-efficient and Nusselt number
versus Maxwell parameter for different values of k with Ec ¼ Bi
¼ l ¼ R ¼ 0:5;Pr ¼ 3; hm ¼ 1:6;K ¼ 0:15;bt ¼ 0:6;bv ¼ 0:6;A ¼
B ¼ 0:2.
igure 14b The skin-friction co-efficient and Nusselt number
ersus Maxwell parameter for different values of R with Ec ¼ Bi
l ¼ R ¼ 0:5;Pr ¼ 3; hm ¼ 1:6;K ¼ 0:15;bt ¼ 0:6;bv ¼ 0:6;A ¼
B ¼ 0:2.
Table 2 Numerical results of f00ð0Þ and h0ð0Þ for different
values of Bi at K ¼ 0 and K ¼ 0:15.
Bi Newtonian dusty fluid Non-Newtonian Maxwell
dusty fluid
f00ð0Þ h0ð0Þ f00ð0Þ h0ð0Þ
0.1 0.973957 9.74E01 1.004344 5.05E02
0.5 0.940567 0.186507 0.971626 0.179493
1 0.916376 0.268081 0.948125 0.257609
5 0.870772 0.393010 0.904114 0.377371
10 0.861537 0.414441 0.895224 0.398004
15 0.858204 0.421895 0.892016 0.405190
100 0.852224 0.434913 0.886258 0.417755
500 0.851346 0.436785 0.885414 0.419563
1000 0.851236 0.437020 0.885308 0.419790
10,000 0.851137 0.437231 0.885212 0.419994
100,000 0.851127 0.437252 0.885202 0.420014
10 B.J. Gireesha et al.for the variation of A and B. The responses of skin friction
drag and the Nusselt number are quite opposite. That is, the
skin friction drag is increased and the Nusselt number is
decreased by increasing A and B. It is also observed that,
both skin friction coefficient and the Nusselt number are
decreased by increasing K. On the other hand, both skin fric-
tion coefficient and the Nusselt number are augmented by
escalating the mixed convection parameter, which is shown
in Fig. 14a. We noticed from Fig. 14b that, the skin friction
drag increases and the Nusselt number decreases as R
increases.
Finally, Table 2 is prepared to show the influence of the
Biot number on skin friction drag and the Nusselt number
for K ¼ 0 and K–0. The influence of Biot number is analysed
in three phenomena namely, uniform wall temperature
(Bi < 1), non-uniform wall temperature (Bi > 1) and constant
wall temperature (Bi!1). For both skin friction drag and
Nusselt number, a significant variation is observed forPlease cite this article in press as: Gireesha BJ et al., Mixed convection two-phase fl
uniform heat source/sink and fluid-particle suspension, Ain Shams Eng J (2016), htF
v
¼Bi < 1, small variation is noted for Bi > 1, whereas, a very
slight/no variation is noticed for Bi!1. It is also noted that,
both skin friction drag and the Nusselt number are increased
by increasing Bi. This is due to the fact that for large values
of Biot number, both momentum and thermal boundary layer
thicken. Consequently, the skin friction co-efficient and
Nusselt increase with Biot number. Further, the Maxwellian
dusty fluid displays lesser surface drag force when compared
to Newtonian dusty fluid. This fact helps in the selection of
a proper working fluid for a given practical application. From
the graphs 2–12, we conclude that, the velocity and tempera-
ture distributions of fluid and dust phases are qualitatively
same, but the fluid phase boundary layer thickness is higher
than that of particle phase.
5. Conclusions
The problem of mixed convection boundary layer flow and
heat transfer of an Upper Convected Maxwell (UCM) fluid
over a convectively heated vertical stretching surface with sus-
pended dust particles is studied. The velocity and temperatureow of Maxwell fluid under the influence of non-linear thermal radiation, non-
tp://dx.doi.org/10.1016/j.asej.2016.04.020
Mixed convection two-phase flow of Maxwell fluid 11profiles of both the phases are numerically calculated and pre-
sented graphically. The values of the skin friction coefficient
and the Nusselt number are also given in graphical and tabular
form. From this mathematical analysis, we have made the fol-
lowing observations:
 The flow and heat transfer of working fluid in many pro-
cesses can be controlled by embedding fine dust particles.
 The fluid and dust phase velocity (temperature) has the
opposite results for the variation of fluid-particle interac-
tion parameter.
 The buoyancy force is favourable for the momentum
boundary layer. But it is unfavourable for the thermal
boundary layer thickness.
 Both velocity and temperature profiles are suppressed with
linearized thermal radiation when compared with non-
linearized thermal radiation.
 The thermal field of both phases is increased by increasing
Bi;A;B;Ec and R.
 The thermal boundary layer thickness is decreased rapidly
as Pr and K vary.
 The skin friction coefficient increases for larger values of
A;B; k and R.
 Increasing the values of A;B and R significantly retards
the Nusselt number distributions.
Finally, it is worth to conclude that, the presence of dust
particles produces significant impact on the flow and thermal
behaviour of UCM fluid.Acknowledgement
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